We develop a combined Lagrangian-Eulerian method for transient fluid-structure interaction problems. Based on the ghost fluid framework for improving interface tracking accuracy between a fluid (hot rocket exhaust plume) and a high strain rate deforming solid (rear cover of a vertical launch system), the numerical coupling between the two media ensures an accurate description of the flexible structure. A nine-node quadrilateral element based on total Lagrangian formulation is used, while the hydrodynamic finite difference method is used for the supersonic exhaust plume that forms a complex flow within the plenum. The Lagrangian, Eulerian, and fluid-structure interaction coupling methods are verified by ANSYS results and related theories. A two-dimensional simulation of the full vertical launch system operation mode is conducted. This requires an accurate reproduction of the complex flowfield generated by the rapid rear cover opening under a high-pressure plume during rocket launch. This fluid-structure interaction problem solution may be used for future design upgrades when a vertical launch system is exposed to unusually harsh interactive gas and structure conditions. 
Nomenclature

B
= strain displacement relation matrix C = constituting matrix d = displacement, m e = total energy density, J∕kg F = deformation gradient F = deformation gradient matrix f = force vector, kg ⋅ m∕s 2 I = identity matrix i = x-axis node index j = y-axis node index k = stiffness, kg∕s 2 l = length, m M = inertial matrix, kg∕m 2 m = mass, kg N = shape function n = normal vector P = pressure, Pa q = nodal acceleration vector, m∕s 2 R = gas constant, J∕kg ⋅ K S = stress vector, Pa S = second Piola-Kirchhoff stresses, Pa u = velocity, m∕s α = relaxation parameter Γ e = surface domain γ = specific heat ratio δ = plastic multiplier ε = strain θ = degree, rad ρ = density, kg∕m N THE multimaterial analysis of both fluid flow and solid motion, there are different numerical approaches that include Eulerian, Lagrangian, and combined Lagrangian-Eulerian methods. The Eulerian method is used in the calculation of fluid flow [1] , while the Lagrangian method is employed to simulate solid dynamics [2] . To use the advantages of both methods, a combined LagrangianEulerian method [3] [4] [5] [6] [7] [8] [9] [10] has been in use for the integrated analysis of complex interactions between fluids and solids.
Using the combined method as an interface treatment methodology, the remeshing technique [10] of arbitrary Lagrangian-Eulerian and the particle level-set method using the ghost fluid concept [3, 5, 11] are proposed. The remeshing composes a new mesh in the Eulerian domain, based on a Lagrangian domain boundary surface when a solid structure is changed. Since the method fundamentally operates in an unstructured grid, the numerical accuracy is secured by increasing the number of grid cells in a high-gradient domain. However, in the case of a large deformation problem, the method is barely suitable for calculation due to the accumulated numerical errors and high computational costs associated with determining the values in the newly generated grids. On the other hand, the particle level-set method with a ghost node concept can efficiently discriminate the interface between Eulerian and Lagrangian domains in transient fluid-structure interaction (FSI) problems. This is quite evident in various studies that use the combined Lagrangian-Eulerian methods [3] [4] [5] [6] .
In this paper, we consider a large deformation problem using a combined Lagrangian-Eulerian method based on the immersed boundary method for a multimaterial problem [12] [13] [14] and the hybrid particle level-set method for tracking material interface motion [15] . The ghost nodes are defined in the neighboring material of a real material based on the isentropic theory. A level-set zero denotes the Lagrangian domain boundary for Eulerian calculation, and the total pressure transformation in the Eulerian domain to a loading force in Lagrangian domain is performed with a separate algorithm.
This method is applied to a large deformation problem occurring when a vertical launch system (VLS) rear cover opens and closes. During VLS operation, the rear cover rapidly deforms in milliseconds when opening at the high temperature (∼2000 K) and pressure (6 bar) of the launch vehicle exhaust. Previously, for safety reasons, the fixed rear cover was analyzed in closed and opened states, and the plume dynamics were calculated in one-, two- [16] [17] [18] and three-dimensional simulations [19, 20] . In this case, the rear cover deformation was not considered in the flow dynamics coupled with rocket structural changes during launch. Therefore, the rear cover pressure load induced from the exhaust plume was not calculated. In this work, the strongly coupled FSI between the rocket plume and the rear cover undergoing large deformation during opening and closing makes it possible to predict the resulting pressure distribution within the plenum. This also allows estimating the closing time for the neighboring rear cover in a paired VLS fresh launch.
II. Numerical Model
A. Governing Equations for Fluid
The compressible gas dynamic equations for simulating the ammonium perchlorate (AP) based rocket plume in a two-dimensional rectangular coordinate system consist of the mass, momentum, and energy balance laws as
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where ρ, u x , u y , and P are the density, x-axis velocity, y-axis velocity, and pressure, respectively. The governing equations are solved by a third-order Runge-Kutta and convex essentially nonoscillatory method in the temporal and spatial discretizations, respectively [14] .
B. Governing Equations for Structure
The rear VLS cover is a thin metallic plate forced open by the highpressure plume during rocket launch. The rear cover also runs into a rigid wall when it is fully open. Hence, the rear cover undergoes geometric and material nonlinear behavior. The relevant contact algorithm for handling this nonlinearity consists of a nine-node quadrilateral element for the flexible structure and a rigid-body dynamic analysis for the inflexible structure.
Flexible Structure Model
A nine-node quadrilateral element based on the total Lagrangian formulation is used to capture the geometrically nonlinear behavior [21] and is further extended to predict the materially nonlinear behavior. All element quantities in the total Lagrangian description are expressed with respect to the initial configuration. Using the deformation gradient, Green-Lagrange strain components are defined, and the relevant stresses are then calculated by the constituting equation. The following relationship is applied for elastic analysis. For plastic analysis, the defining strain components and the constituting matrix need to be modified, S Cf ε xx ε yy 2ε xy g T f σ xx σ yy σ xy g T ;
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where S, C, ε, σ, F, I, and S are stress vector, constituting matrix, strain, stress, deformation gradient, identity matrix, and second Piola-Kirchhoff (PK) stresses, respectively.
Virtual work linearization can be expressed by taking the deformation gradients and the second PK stresses into account,
F, and Ω are the geometric stiffness matrix, current stiffness matrix, displacement, internal force vector, external force vector, strain displacement relation matrix, second PK stresses matrix, constitutive matrix, deformation gradient matrix, and current domain, respectively. The external load vector defined by pressure loading from fluid analysis is
where N, p, and Γ are elemental shape function, pressure, and surface domain, respectively. The plane stress projected plasticity model based on the incremental plastic flow prediction and a von Mises equation with isotropic hardening is used to calculate the rear cover material nonlinearity [22] . This approach is appropriate for elastoplasticity in a metallic structure that undergoes large displacement and small strain. This plastic model, the updated strain, and stress components are used in Eq. (5b).
In Fig. 1 , the defined elastic strain ε, the corresponding trial strain ε e trial , and the accumulated plastic strain ε p trial are calculated to check for plastic admissibility. To comply with the von Mises model, a yield function equation Φ is used. The detailed mathematics and the relevant descriptions are described in Ref. [22] . For time transient analysis, the Hilbert-Hughes-Taylor α method is used. The final form of the governing equation for the flexible structure is
Here, the inertial matrix M is defined using the elemental shape function, M ρ∫ Ω N T N dΩ, and f i is the internal load vector defined by the right side of Eq. (5a). The contact analysis is based on the global Lagrange multiplier. This approach is realized by multiplying the gap condition. The gap condition is defined by the position of slave and master bodies.
Inflexible Structure Model
To predict inflexible structure behavior, a rigid plate motion equation is developed. The plate is assumed to have only in-plane rotational degrees of freedom under a rotational spring boundary condition. Figure 2 shows the relevant boundary condition and kinematics of the rear cover inflexible plate. The plate governing equation is defined by a second-order differential equation in terms of the rotational degrees of freedom. It is expressed by taking the mass m and length l of the plate and rigidity of spring boundary k into account: Article in Advance / LEE ET AL.
A modified contact algorithm is developed for the inflexible structure. This modified algorithm does not fully exploit the contact mechanics, i.e., impact and rebound. However, the plate is under a fixed boundary condition when it is near the rigid wall.
C. Strongly Coupled Fluid-Structure Interaction Approach
To track the interface and define the boundary value between the hot rocket plume and the rear cover, a level-set method based on the ghost fluid method (GFM) is applied [15] . The level ϕ defines a distance of each material surface from the contact interface. So, the zero level (ϕ 0) represents the interface of the two materials, and the signs of level classify the material, meaning the region with ϕ < 0 indicates the inner side of the target material that is either a fluid or solid. At the interface, the boundary conditions are determined by the GFM. The properties of ghost nodes are addressed by the values of symmetric real nodes, which are determined by extrapolation. At the ghost nodes, the normal to the interface is calculated by n ∇ϕ j∇ϕj (9) In the previous studies, the level is updated by the particle velocity of materials, and the mesh size of both materials is similar [1] [2] [3] [4] [5] . In this paper, however, the Lagrangian geometry is replaced with the Eulerian level sets in order to apply the GFM. Although fine grids are necessary for handling the complex supersonic flow inside the VLS, the rear cover motion can be simulated with a relatively coarse mesh. If the distance between the Lagrangian nodes is larger than the Eulerian mesh size, the level is represented as Fig. 3a . The interface (ϕ 0, blue) does not appear as a line, and a normal vector to the boundary at each Eulerian node is not defined. So, one discretizes the Lagrangian nodes as white dots. The white dots are artificial Lagrangian nodes that define the intended Lagrangian geometry in terms of Eulerian quantity. The distance between the white dots is one-half of the Eulerian mesh size, and the level is converted as in Fig. 3b . The interface and normal vectors are clearly defined, and thus the ghost node values can be determined.
To set different signs for each material, the Jordan curve theorem [23] is applied. In Fig. 4a , the sign of the interior level is negative when the number of point is odd, where the straight line starting from an inner point intersects the boundary. In the opposite case, the level sign is positive. Using this approach in the Eulerian domain, the Lagrangian geometry described by the signed level is shown as in Fig. 4b .
To unify a hydrodynamic Eulerian solver for a plume and a Lagrangian solver for a nonlinear rear cover, the outline of the developed algorithm is as in Fig. 5 .
Initially, the fluid flow and solid dynamics are described in the Eulerian configuration. The outer boundary of the structure is represented by the level sets, and the boundary conditions are determined by the values of the ghost nodes. Then, the fluid flow is solved by the Eulerian solver. The ghost node values are obtained by the real material, while normal and tangential velocities are calculated. Figure 6 shows the schematic of two-dimensional GFM for a fluid and solid [15, 17] . The calculated total pressure near the Lagrangian nodes is used as the boundary value update for the external force in Eq. (6) for a Lagrangian solver. The solver calculates the deformed geometry and converts it into a level in the next time step. The Eulerian and Lagrangian steps are strongly coupled in this sense, and the pressure and geometry data are exchanged at every time step to minimize the numerical errors in the unified simulation.
III. Validation A. Lagrangian Method
The Lagrangian solver for the flexible structure is validated against the ANSYS prediction. A cantilever beam in the two-dimensional domain is considered, and the beam is subjected by a time transient pressure loading. The properties of the cantilever beam are summarized in Table 1 . The geometry and loading conditions are depicted in Fig. 7 with Fig. 8 showing the relevant time transient pressure loading conditions. The beam structure is discretized by 16 quadrilateral elements. Tip displacement history is compared with the ANSYS prediction. Figure 9 shows the relevant comparison between our result and the ANSYS result. The comparison results are in good agreement. Article in Advance / LEE ET AL.
B. Eulerian Method with Ghost Fluid Treatment
For accuracy of plume dynamic and related FSI treatment, we set up a shock tube problem consisting of two different gases of distinct initial conditions [13] as shown in Table 2 . Heavy gas is on the right side (x > 0.6), while the lower-density gas is initially impacted by a planar velocity of 27.077 m∕s on the left. The necessary grid resolution is less than 2 mm, and we have chosen 1 mm in the simulation. The initial membrane breakage occurs at position 0.6, and Fig. 10 shows the pressure and density profiles that result at 0.3 s. In this figure, reflected and transmitted shock wave speeds are shown. The calculated state variables are compared against the analytical solution.
To validate the plume dynamics in two dimensions, we additionally consider multidimensional Riemann problems [24] . The problems consist of four different initial conditions in each quadrant as specified in Table 3 . Conventional ideal gas assumption is used with a specific heat ratio γ 1.4. Two cases are considered, and the results are validated against the reference as shown in Fig. 11 , showing an excellent agreement.
To validate the strongly coupled FSI, we consider elastic vibration of a steel rod subjected to a high-velocity fluid flow. The initial condition and two-dimensional computational domains are shown in Fig. 12 . The boundary conditions on the top, bottom, left, and right are all outflows (or zero-gradient boundaries), slip, inflow (200 m∕s), and outflow conditions, respectively. The 304 stainless steel parameters are as listed in Table 1 . Figure 13 shows the fluid pressure field and the elastic deformation recovery of the steel rod for increasing time sequences. In Fig. 13b , the steel rod is bent by the uniform flow from the left, and the pressure increase is shown in the front tip of the rod. Figure 13c is the elastic recovery that resets the bent rod back to the initial position. In the rear and top regions of the rod, the fluid pressure field is consistently changed in accordance with rod vibration. A gauge is placed at the edge of the rod, and the results are compared with the ANSYS prediction. Figure 14 shows that the rod displacement compared to ANSYS is quite similar with the maximum displacement of 0.078 mm and frequency of 3.7 Hz.
IV. Results and Discussion
Using the combined Lagrangian-Eulerian method based on strongly coupled FSI, we simulated the dynamic motion of the rearend cover of a launch canister as installed on a surface battleship that stores missile canisters below deck in a ready-to-fire condition. Figure 15 shows the canister cross-section view. When the missile is fired, the rear cover is deformed by the high-pressure exhaust plume that fills the lower plenum with strong acoustic and shock waves that are reflected and transmitted.
In this paper, the rear cover deformation due to the exhaust plume is a major concern. However, a three-dimensional VLS simulation with strong FSI demands an extremely high cost for simulation. Alternatively, the problem is reconfigured in two dimensions as shown in Fig. 15 . Here, we cut VLS along the center axis of the two canisters to consider the opening and closing of the rear covers. In each, the dynamics of plumes inside and the deformation of each rear cover (either open or closed) can also be represented by the Article in Advance / LEE ET AL.
two-dimensional flow. Case I is the opening of the rear cover during the rocket launch. Case II is the closing of the rear cover by the plenum pressure. In case I, the rear cover is considered as either an elastoplastic plate or an inflexible plate that is fixed to a spring hinge. Both are simulated under the same loading by the rocket exhaust plume, and different plume flows are observed.
Since there are no measured data of pressure or temperature in the plenum for monitoring the rear cover dynamics, the numerical simulation based on the modeled AP propellant combustion and subsequent pressure loading of the plume is used to understand the cover behavior. In case II, we only consider the inflexible plate because the real rear cover is composed of both steel and a composite insulator. As the insulator is brittle and thicker than the steel cover, the deformation behavior of the rear cover is considered inflexible. Figure 16 shows the calculation domain of the VLS, and in particular the boundary conditions around the red-dotted region for case I are defined. In the figure, the solid line defines the wall boundary, while the dashed line is the zero-gradient flow out condition. The top boundary is the incoming flow condition in which the rocket exhaust plume is dispersed. A reacted or product gas of the AP/HTPB composite propellants rocket plume is considered to be composed of the elements listed in Table 4 . Using the plume gas composition, the initial density, velocity, temperature, and pressure of the hot product gas from the exhaust nozzle can be defined.
A. Incoming Rocket Plume Initialization and Transient Boundary Update
The incoming velocity of the plume is determined by Eq. (10) by assuming the isentropic flow in a converging-diverging nozzle and the steady-state condition of the combustion chamber, neither of which is included in the calculation domain,
Here, u e , t, γ, R, T 0 , p e , and p 0 are the nozzle exit velocity or the plume velocity, time, specific heat ratio, gas constant, stagnation temperature, plume pressure, and stagnation pressure, respectively. Table 5 summarizes the rocket plume parameters obtained by running the NASA CEA code using the presumed mole fractions in Table 4 [25, 26] .
The initial plume pressure p e 0 at position C in Fig. 16 is assigned 1 bar at 2000 K and Mach number 2.3, with the initial density defined by the ideal gas equation of state. At every time step update, the transient incoming plume boundary condition is determined by Eq. (10) with u e t extrapolated from position C in Fig. 16 . The numerical simulation of the rocket plume loaded onto the elastoplastic rear cover was performed. Figure 17 shows the shadowgraph and temperature contours at 1.5, 2, 3, and 4 m ⋅ s. In these figures, the complex plume dynamics and reflected acoustic waves are shown during the rear cover opening. Two interesting points evident in the simulation are the contact surface formation and the jet flow through the opening rear covers. The contact surface between the high-temperature rocket plume and the cold air above the cover was observed and remained at all times. Noticeably, the hot plume gas never touched the cover plate during opening. Therefore, any temperature effect on the metal deformation may have been neglected. This finding that thermal deformation does not play a significant role is important. The resulting jet forms a nozzle that allows hot gases to bypass the metal covers during the launch. From  Fig. 17 , one can see that then rear cover deformation pattern gave rise to the jet flow pattern, resulting in a very complex flow and acoustic fields in the plenum.
The real source of rear cover deformation was the compressive force of the rocket plume. So, we take into account the pressure on rigid (closed) rear covers and compare that to the elastoplastic rear covers. Figure 18 shows the history of pressure readings at the rigid wall and two deformation plate locations. The fluid velocity near the wall became zero during the impact, and the pressure was doubled. After 0.2 m ⋅ s, the pressure reached 4 atm, which is twice the plume pressure, and remained at a high value. In the elastoplastic plate cases, the pressure started to decrease once the plate opened and deformed.
In particular, the pressure near the side wall (point B) was higher than the pressure at the plate tip (point A) because the flow velocity in the proximity of the tip was higher than at the nearby side wall. This indicates that the pressure boundary conditions for the Lagrangian solver were not uniform, and experimentally obtained pressure data would be invaluable for enhanced future calculations.
Next, we consider the inflexible rear cover plate deformation by a fully reacted rocket plume. Figure 19 shows the shadowgraph and temperature contours at 1.5, 2, 3, and 4 m ⋅ s. In this figure, the angular speed of the rear cover is almost the same as that of the elastoplastic case, but the tip deformation speed is approximately three times faster. Therefore, the jet flow due to the hot rocket plume is not seen in the inflexible plate case as shown in Fig. 19b . It is seen in the flexible plate case shown in Fig. 17b , although though the contact surface and shock propagation of both plates are nearly identical in the early stages. However, later in the inflexible plate case, which opens more quickly, the velocity of the rocket plume increases. This can be seen by comparing Figs. 17d and 19d . These observations point to the differences in plume speed and temperature distribution near the tip in each simulation. The rocket plume can ablate the VLS structure. Therefore, predicting the rocket plume around the structure is quite essential, especially around the rear cover and bottom of the VLS.
Because of the severity of the detection environment near the rear cover, actual experimental data do not exist, except for the total deforming time, which was reported to be about 4 m ⋅ s. In the simulations, the deforming time was calculated as 4.3 m ⋅ s in the To estimate the time elapsed for closure of the opened rear covers (on the left tube) by the launch of a fresh VLS tube (on the right), an extended domain is considered in Fig. 16 . Only the inflexible rear cover is considered in the full calculation. The plume boundary condition on the top, initial conditions, and material properties are identical to case I. Figure 20 shows the hot gas propagation led by multiple shock waves through the shadowgraphs. In the early stages (Figs. 20a and  20b) , complex plume flow and reflected and transmitted shock waves were generated during the opening of the right-side launch tube. In Figs. 20c and 20d , a series of shock waves propagate toward the right-side launch tube, followed by the distorted plume flows that also arrive at the used rear covers on the left. The primary shock wave, which exerts an external force on the rear covers, pushes the cover to its original position and shuts it closed. This closure occurred at about 7-8 m ⋅ s when the hot covers were completely closed as shown Figs. 20d-20f. Once closed, the hot gas plume had to find an alternative exit to depressurize and leave through the center uptake as shown in Fig. 21 in the temperature contour. The hot gas or the flame speed through this uptake can be estimated from Fig. 21b , knowing the time elapsed and the length of the uptake chamber. The thermal condition in the plenum as well as maximum temperature induced near the rear cover were well predicted to be ∼2000 K at 4-5 m ⋅ s. This simulated thermal distribution is also useful for the design of any VLS insulator. Without the strongly coupled strategy for a combined Lagrangian-Eulerian method, various hydrodynamic phenomena induced by transient structural changes, including the opening and closing of VLS rear covers by a hot rocket plume, would not have been captured and understood.
V. Conclusions
This paper has developed an algorithm for coupling the Lagrangian and Eulerian methods to simulate the severely transient fluid-structure interaction problem that arises during the operation of vertical launch tubes. The opening of tube rear covers due to ammonium perchlorate propellant burning gases was dynamically reproduced. The resulting plume that fills the lower plenum was analyzed to understand the hydrodynamic state of the gas-filled plenum subjected to the structural motions of the deforming rear covers. The coupled algorithm and its ability to handle strongly coupled multimaterial interactions were verified by the theories and ANSYS solutions. The validated method was used to reproduce the hydrodynamic and thermal flowfields inside the plenum during launch tube operation. Future vertical launch system designs that are exposed to unusually harsh interacting fluid and structure conditions can benefit from the results outlined in this paper.
